Abstract. This paper concerns the application of a finite element method to the numerical solution of a nonrestricted form of the Plateau problem, as well as to a free boundary problem of Plateau type. The solutions obtained here are examined for several examples and are considered to be sufficiently accurate.
Introduction.
Methods for the numerical solution of the Plateau problem have so far been examined by D. Greenspan [3] , [4] , using the combination technique of difference and variational methods, and by P. Conçus [5] , using a finite difference method.
These two methods can be applied only to the so-called restricted form of the Plateau problem described by Forsythe and Wasow [2, Section 18.9], that is, to the problems where the boundary condition is represented by a single-valued function. Thus, they cannot be applied to the problem where the boundary condition is represented by a multi-valued function, such as Courant's example described later.
This paper shows that such multi-valued boundary-value problems can be solved numerically by a finite element method. In this case, two solution methods, one for a free boundary problem and the other in a cyclindrical coordinate system, are presented. The coefficients A¡, B¡ and C, in Eq. (2.3) can be determined by three points in the x-y-u space. Let D be approximated by the union of disjoint triangles TA {j = 1, • • • ,Q). Let the three vertices of T,' in the x-y plane be Pk'{xk, yk, 0), P,'{xt, y,, 0), and Pm'{xm, ym, 0) and let the three vertices of a triangle T¡ in the x-y-u space corresponding to r,' be Pk{xk, yk, uk), P,(x,, y" u¡) and Pm(xm, ym, um), respectively. The following fact should be noted. In the finite element method, it is not necessary to fix the T,', or the division of D; it is only necessary to minimize the functional Ju, treating the P/s as unknown points in the (x, y, «)-space. This flexibility is useful in solving various problems, such as free boundary problems. If the variational point Pi{Xi, yt, u¡) is selected in the direction (a<, ft, y.) from the point (x,°, y°, u,-0), that is (2.11)
x, = CLiZi + x°i, y i = ßiZi + y°i, ut = y^z,-+ «°, where a,2 + ft2 + y2 = 1, then the necessary condition for minimizing Ju is given by (2.12) dJu/dZi = f,: = 0 ii = I, ■■■ ,p).
A numerical analyst can choose the direction of variation in a manner best suited to his problem. Equations (2.12) are nonlinear algebraic equations, which may be solved iteratively by the generalized Newton method, in which the (n + l)th approximation zv(n+1) to Zi is determined by (2.13) z. here u is a relaxation parameter which when sufficiently small results in convergence.
We now consider /, and dfi/dZi in Eq. (2.13). A simple computation gives the following result:
where M, and M2 are constants. An outline of /< as a function of z, is shown in Fig. 2 . This figure shows that when dfi/dZi is extremely small, the generalized Newton method diverges.
A Free Boundary Problem.
Minimal surface problems with multi-valued boundary conditions cannot be solved numerically by the usual finite difference method [3] - [5] , Certain types of such problems, however, can be reduced to free boundary problems with single-valued boundary conditions. We will now examine such free boundary problems using the finite element method of the previous section. Consider the contour shown in Fig. 3 . If 6 > w/2, the contour cannot be projected in a single-valued fashion and a boundary-value function is not single-valued. To avoid the adverse condition of multi-valuedness, the surface was cut with the plane x = 0, taking advantage of the symmetry of the solution (see Fig. 4 ). Treating only the space x ^ 0, the surface under consideration becomes a single-valued function of u and y, while the cross section of the surface and the u-y plane becomes an unknown boundary curve (the free boundary F in Fig. 4) .
As boundary conditions, we have Using the symmetry with respect to u = L/2, the boundary conditions are eventually given by . This boundary-value problem was first solved numerically in direction A (see Fig. 6 ) using Greenspan's method for which a theoretical analysis is given in [6] . The problem was then solved in direction B with the present free boundary program. For comparison, numerical results given by these two methods are seen in Table 1 , where the initial approximations are both Number of L/2 divisions: Nil * In this table, the initial relaxation parameter is 1.2, and 5, the termination parameter for iterations is 10"'. When maxls¡SP| Zi<n+1> -z¿<"'| < S, the iteration process is stopped.
cylindrical, namely (3.6) 2 i 2 .
x + y = 1, j-a0,0á«SL, Example 2. Catenoid. The second example is that of the catenoid. The soap film with this boundary condition is shown in Fig. 7 . This problem can also be solved as a free boundary problem with boundary conditions (3.2)-(3.4) and the Neumann condition in place of (3.1); here 0 = it/2. L and a in Fig. 7 are connected by the relation It is seen that X0 is nearly equal to 1.2, so that X0/cosh X0 is nearly equal to 0.66. For comparison, two computed values of a are given in Table 2 . One value was obtained from Eq. (3.7) and the other was computed as H using the present free boundary program (Aw = 0.1, Ad = 10°). In this case again, the results of the present computer programs are close to the actual values. which we will now compute with the present free boundary program. The relation between L and H, obtained by numerical computation, is shown in Fig. 10 and the relation between L and 1/4 of the total area in Fig. 11 . Figures 10 and 11 show the hysteresis effect, which is a feature of a nonlinear problem. We define the nth norm N(n) of solutions, the nth refinement Rln> and the nth eigenvalue r?'"', by 4. Cylindrical Coordinate System. We next consider the foregoing problem in cylindrical coordinates.
To avoid the boundary condition function being two-valued, this boundary is cut with the plane u = u, (0 g «,. ^ L) (see Fig. 15 ) and a cross section is shown in Fig. 16 .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use For the comparison of a free boundary program and cylindrical coordinate system program (w, = Lj/12, <pi = (t/2)/'/15), numerical results of height H and \ of the total area are given in Table 3 , where r = 1.0, 0 = 5x/6 and L varies. The region where the boundary has two solutions is given in Fig. 18. 6. Summary. It is shown that finite element methods are applicable to the Plateau problem. The variational direction suited to the problem can be selected in the finite element method and even the free boundary problem, which has been difficult to solve numerically, can be solved by the finite element method.
Even though the error analysis of the method presented here is yet to be fully examined, the examples considered give an insight into the accuracy of the computer program presented here. It is considered that the method has sufficient accuracy from a practical point of view.
All the computations were carried out using the FACOM 230-60 computer system at the Data Processing Center, Kyoto University.
